We propose a theoretical scheme to show the possibility of achieving the quantum ground state cooling of a vibrating micromechanical membrane inside a high finesse optical cavity by back-action cooling approach. The scheme is based on an intensity-dependent coupling of the membrane to the intracavity radiation pressure field. We find the exact expression for the position and momentum variances of the membrane by solving the linearized quantum Langevin equations in the steady-state, conditioned by the Routh-Hurwitz criterion. We show that by varying the Lamb-Dicke parameter and the membrane's reflectivity one can effectively control the mean number of excitations of vibration of the membrane and also cool down the system to micro-Kelvin temperatures.
I. INTRODUCTION
The coupling of mechanical motion of a mechanical resonator at the micro-and nano-meter scale to the electromagnetic degrees of freedom via radiation pressure [1] [2] [3] [4] [5] is widely employed for a large variety of applications [6] , more commonly as sensor to the detection of weak forces [7] and small displacements [8] or actuator in integrated electrical, optical, and opto-electronical systems [9, 10] . Modification of the resonator motion can be detected with high sensitivity by looking at the radiation (or electric current) which interacted with the resonator. As an example, by measuring the frequency shift induced on the resonator one can detect the small masses. In principle, small displacements can be measured by detecting the corresponding phase shift of the light interacting with the resonator.
Moreover, the rapid progress of nano-technology has enabled fabrication of micro-or nanomechanical resonators [11, 12] with high frequency, low dissipation and small mass. In this direction the most experimental and theoretical efforts [13] [14] [15] [16] [17] [18] [19] are devoted to cooling and trapping such microresonators to their quantum ground state, but still in the attempt to observe quantized mechanical motion, the thermal fluctuation has become a major obstacle. The limited cooling efficiency and poor heat conduction at milli-Kelvin temperatures of cryogenic refrigerators have stimulated a number of studies on the active cooling of micro-mechanical resonators in both classical and quantum regimes [6, 20] . Very recently, various types of optomechanical system have demonstrated significant cooling of the vibrational * Electronic address: shabirbarzanjeh@yahoo.com † Electronic address: mhnaderi@phys.ui.ac.ir ‡ Electronic address: soltan@sci.ui.ac.ir mode of a mechanical resonator coupled to an optical cavity [17, 21, 22] . Among them, the so-called membranein-the middle geometry [23] [24] [25] in which the mechanical degree of freedom is a flexible, partially transparent dielectric membrane placed inside a Fabry-Perot cavity with fixed end mirrors has attracted much attention. This has the advantage of not having to combine the flexibility needed for the mechanical oscillator with the rigidity of a high-finesse cavity mirror. Although the membrane is nearly transparent, it couples to the optical cavity dispersively. This coupling is strong enough to laser-cool a 50-nm-thick dielectric membrane from room temperature(294 K) down to 7mK [23] .
From experimental point of view the cooling of a membrane has been achieved by exploiting in two different ways, back-action ground state cooling [15, 17, 25, 26] and cold-damping quantum feedback [21, 22, 27] . By cold-damping quantum feedback, the oscillator position is measured through a phase-sensitive detection of the cavity output and the resulting photocurrent is used for a real-time correction of the dynamics, and with the backaction cooling, the off-resonant operation of the cavity results in a retarded back-action on the mechanical system and hence in a self-modification of its dynamics. In addition to this back-action effect, the radiation pressure couples mechanical oscillator to the cavity mode. Thus in appropriate conditions the later, plays as an effective additional reservoir for the oscillator. Therefore, strong radiation pressure coupling leads to significant cooling of the mechanical oscillator [18] .
Motivated by the above-mentioned studies on the cooling of mechanical oscillator, in the present paper we deal with the study of cooling an optomechanical cavity with membrane-in-the middle geometry that consists of a high finesse cavity with two perfectly reflecting fixed end mirrors, and a partially reflective movable middle mirror(such as a dielectric membrane). In this type of optomechanical structure, the radiation pressure and cav-ity detuning are periodic in the membrane displacement. This periodicity leads to an intensity-dependent interaction between the intracavity radiation pressure and the membrane's motion. We show that the presence of intensity-dependent interaction modifies the effective mechanical frequency and the effective mechanical damping of the membrane. It is also remarkable that in the steadystate condition, by controlling the system parameters, such as the membrane's reflectivity and the Lamb-Dicke parameter(LDP) the ground state cooling is approached. As we shall see by choosing proper values of these parameters the system can be cooled down to micro-Kelvin temperatures.
The paper is organized as follows. In Sec. II we derive an intensity-dependent Hamiltonian describing the coupling of a micromechanical membrane to the radiation pressure field through j -phonon excitations of the vibrational sideband. In Sec. III we derive the quantum Langevin equations(QLEs) of the system and linearize them around the semiclassical steady-state. In Sec. IV we investigate the effective frequency and the effective damping parameter of the mechanical oscillator. In Sec. V the back-action ground state cooling is discussed. Finally, a summary and some concluding remarks are given in Sec. VI.
II. MODEL HAMILTONIAN
We consider a high finesse cavity as is shown in Fig.1 , which is detuned by the motion of a partially reflective membrane placed between two macroscopic, rigid, perfectly reflecting fixed end mirrors [23] [24] [25] 28] . In this type of optomechanical system the coupling between the middle membrane and the optical cavity strongly depends on the position of the membrane. This position dependence results in a cavity detuning (for the fundamental mode of motion of the membrane and of the cavity), which is a periodic function of the membrane displacement x, i.e., ω c (x) = (c/L)cos −1 [|r c |cos(4πx/λ)] where L and r c are the cavity length and the field reflectivity of the membrane, respectively, and also the position of membrane is calculated from antinode of cavity field. The Hamiltonian of the system is given by [23, 24] 
where
are the annihilation and creation operators for the membrane with oscillation frequency ω m and a and a † ([a, a † ] = 1)are the annihilation and creation operators of the cavity mode with decay rate κ. The last term in the above Hamiltonian describes the input driving by a laser with frequency ω l , where E is related to the input laser power P 0 by |E| = 2P 0 κ/ ω l . The fact that the motion of the membrane is quantized allows writing the operator of membrane's displacement x in terms of LDP, η 0 = 4π λ 2mωm (λ and m denote, respectively, the wavelength of the incident field and the motional mass of the membrane)as
By expanding ω c (x) in terms of b and b † we obtain
where m = 2l + 1 and l is an integer number. By using the Baker-Campbell-Hausdorff theorem in Eq. (3) we may rewrite the Hamiltonian of Eq.(1) in the form
with ω 0 = πc/(2L) as the natural frequency of the cavity without middle membrane, describes the free Hamiltonian of the quantized cavity field and the free motion of the mechanical degree of freedom, and
and
n as the associated Laguerre polynomial, describes a nonlinear coupling of the radiation pressure field with the movable membrane through j -phonon excitations of the vibrational sideband.
III. LINEARIZATION OF QLES
The dynamics of the system under consideration is governed by the fluctuation-dissipation processes affecting both the optical and the mechanical modes. To study these effects, let us consider the first excitation of the vibrational sideband by choosing j = 1 in the Hamiltonian (4) with redefining the motional annihilation operator b → be iπ and its conjugate b
where we have defined
The nonlinearity function f (n b ) determines the form of nonlinearity of the intensity-dependent of the coupling between the cavity field and the membrane. We point out that in the limit of very small values of LDP, η 0 and for certain values of the membrane reflectivity r c the nonlinearity function f (n b ) reduces to unity. (9) reduces to the Hamiltonian of the standard opto-mechanical system [3] . Therefore, the inherent nonlinearity of the model under consideration can be attributed to the parameters η 0 and r c .
It should be noted that the experimental realization of the system under consideration shows η 0 << 1,(e,g. for the experimental values given in Refs. [23] [24] [25] , we obtain η 0 10 −4 ). Therefore, one may keep terms up to first order in the phonons number n b in Eq. (8) and approximate the nonlinearity function f (j=1) (n b ) = f (n b ) by expanding the associated Laguerre polynomial:
where we have defined the following real parameters
By substituting Eq.(11) into the Hamiltonian (9) we obtain,
denotes the Hamiltonian of standard optomechanical system and the second term is the contribution associated with the dependence of the cavity detuning on the position of the membrane. As we see from the Hamiltonian (13) the second term describes an intensity dependent coupling between the membrane's motion and the intracavity radiation pressure. Now, let us consider the fluctuation-dissipation theorem for the cavity field and the membrane's motion. For this purpose, We describe the effect of the fluctuations of the electromagnetic vacuum and the Brownian noise associated with the coupling of the oscillating mirror to its thermal environment within the input-output formalism of quantum optics. For the given Hamiltonian (13) in the interaction picture this yields the following nonlinear QLEṡ
where ∆ 0 = ω c − ω 0 and γ is the decay rate of the motional phonons of the membrane. The cavity field quantum vacuum fluctuation a in (t) satisfies the Markovian correlation functions
with the average thermal photon number n th . In our study, we assume that the cavity is in zero temperature, i.e., n th = 0. It means that the number of thermal photons to be negligible at optical frequencies. Furthermore, the motional quantum fluctuation b in (t) satisfies the following relations
where n b,th is the mean number of phonons in the absence of optomechanical coupling, determined by the temperature of the mechanical bath T n b,th = 1
Analyzing the quantum dynamics of the full nonlinear system is difficult, so we linearize the QLEs around the semiclassical fixed points. That is, we decompose each operator in Eqs. (14) and (15) as the sum of its steadystate value and a small fluctuation, e.g., b = b s + δb and a = a s + δa. This decouples our system into a set of nonlinear algebraic equations for the steady-state values and a set of QLEs for the fluctuation operators. We point out that the linearization of the QLEs is compatible with our aim i.e., the ground state cooling because as is shown in Ref. [3] , significant cooling is approached when the radiation pressure coupling is strong, which needs very intense intracavity fields i.e., |α s | >> 1. Thus the steady-state equations corresponding to the Eqs. (14) and (15) are given by
where we have defined the effective detuning ∆ and the effective coupling constant G as
By eliminating the steady-state contribution and linearizing the resulting equations for the fluctuations, we obtain the exact QLEs for the fluctuations of the quadrature operators
where G R and G I are, respectively, the real part and the imaginary part of G and we have symmetrized the fluctuation operators as
Furthermore we have defined
We point out that in the limit of σ −→ 0, Eqs. (21)- (24) reduce to the QLEs of standard optomechanical system [18] . These equations show that the nonlinear term in the Hamiltonian (13) leads to additional parts in QLEs. In Eq. (22), the term G I δp and in Eq. (23), the term −G I δX directly depend upon the parameter σ, which introduces further coupling in QLEs and this shows that the nonlinearity is responsible for the appearance of the imaginary part of the effective coupling constant G. It is evident from Eqs. (27) that the modification due to the existence of nonlinearity is not limited just for G; the detuning and the damping parameters in Eq. (27) are also affected by the parameter σ.
IV. EFFECTIVE FREQUENCY AND EFFECTIVE DAMPING PARAMETER OF THE MEMBRANE
In this section we evaluate the effective frequency ω ef f and the effective damping rate γ ef f of the membrane in the system under consideration. For this purpose, we solve the linearized QLEs for the fluctuations in the displacement operator as
is the Fourier transformation of the fluctuations in the total force acting on the membrane, which includes a radiation vacuum and a Brownian motion component. Here χ(ω) describes the mechanical susceptibility of the membrane, given by
with
The mechanical susceptibility of the membrane can be considered as the susceptibility of an oscillator with effective resonance frequency and effective damping rate, respectively, given by
/Ω 1 and we have defined
The modification of the mechanical frequency due to the radiation pressure shown by Eq.(32) is the so-called optical spring effect [18] . The existence of nonlinearity in the Hamiltonian (13) leads to the appearance of higher order of system response frequency ω, in contrast to the results of the linear coupling theory [18] . It is evident that in the limit of σ −→ 0 the terms G (18) and (19) in Ref. [18] ). Fig.3(a) shows the normalized effective frequency as a function of the normalized system response frequency ω/ω m at ∆ = ω m for different values of LDP. As is seen, LDP alters significantly the effective frequency. The normalized effective damping rate versus the normalized system response frequency ω/ω m at ∆ = ω m have been plotted in Fig.3(b) . As is seen, by increasing LDP the effective damping rate increases. The significate increasing of the effective mechanical damping rate is the basis of the cooling process. The ground state cooling can be obtained only if the initial mean
−1 is not prohibitively large. This can be approached for large values of the effective mechanical damping rate. As is clear from Fig.3(b) for positive ∆ and by choosing proper values of LDP the effective mechanical damping rate is significantly increased.
V. BACK-ACTION GROUND STATE COOLING IN THE PRESENCE OF INTENSITY-DEPENDENT COUPLING
In this section we study the effective ground state cooling of the membrane's motion. We first evaluate the mean energy in the steady-state by defining the system's potential as
The ground state is approached for n ef f ≃ 0 or U = ω m /2. This is obtained if δq(t) 2 ≃ δp(t) 2 ≃ 1/2 occurring in steady-state. The system reaches a steadystate only if it is stable. In this situation all the poles of the effective susceptibility χ lie in the lower complex half-plane. The stability conditions can be attained by applying the Routh-Hurwitz criterion [29] which gives the following stability expressions
Now, we turn our attention to Eq. (28) in which f T (ω) is the fluctuations in the total force acting on the membrane's motion and it has the following form
where the first and second terms show the fluctuations in the membrane's motion, and the third term describes the fluctuations in the intracavity field. By using Eq. (28) we obtain
and by inverse Fourier transforming Eq.(38) we have
By using Eq.(37) and the quantum fluctuation relations (16) and (17) we find
The integral of Eq.(39) for the displacement variance can be solved exactly when the stability conditions given by Eqs.(36) are satisfied. Performing the integral and using χ(−ω) = χ * (ω) with setting t = t ′ , one gets the final expression for the time dependent position variance
By applying the same procedure, we obtain the following expression for the momentum variance
The explicit expressions for the parameters a i , b i , c i , d i and b
′ i are given in the appendix. The effective phonon number of the membrane's motion can be defined from Eq.(35)
As we mentioned, the ground state cooling is approached if n ef f < 1 which is not the only condition for cooling. In order to get the quantum ground state cooling it is also necessary that the uncertainly principle is stratified for both momentum and displacement variances. This means that both variances have to tend to δq 2 ≃ δp 2 ≃ 1/2, therefore energy equipartition has to be satisfied in the optimal regime close to the ground state. We point out that, in general, one does not have energy equipartition because these variances are not equal δq(t) 2 = δp(t) 2 . In order to have an intuitive picture, we have plotted the both variances in Fig.4 for different values of LDP and for the experimentally feasible parameters (see Table.1 in Ref. [23] and also [24] ), i.e., a cantilever with motional mass m = 50pg, ω m /2π = 10 5 Hz, r c = 0.999 and Q = 1.2 × 10 7 placed inside an optical cavity with length L = 6.7cm and damping rate κ = 0.047ω m driven by a laser with wavelength λ 0 = 1064nm and power P c = 50µW . It is evident from Fig. 4 that by varying LDP one can access the ground state cooling condition δq 2 ≃ δp 2 ≃ 1/2. As is seen from fig.4 (c)for η 0 around ∆ = 1.1ω m one has δq 2 ≃ δp 2 ≃ 1/2. This means that LDP may significantly alter the cooling process and it can be used as an additional control parameter to optimize the best condition for the ground state cooling in the system. Fig.5(a) shows the effective phonon number as a function of detuning for three different values of LDP. It is clear that with the increasing value of LDP the minimum value of n ef f is shifted toward zero, such that for η 0 we have n ef f ≃ 0. To investigate the effect of the membrane's reflectivity on ground state cooling we have plotted the effective phonon number as a function of detuning in Fig.5(b) . It is interesting that increasing of r c significantly decreases the effective phonon number. One can also define an effective temperature with respect to the effective mean excitation number n ef f as
we have plotted the effective temperature for experimen-tal values given in Fig. 4 and for the initial reservoir temperature T = 0.4K corresponding ton ≃ 83306 against the normalized detuning and for different values of LDP. It is remarkable that the minimum achievable temperature is T ef f ≃ 1µK. Therefore by controlling LDP and r c one can control the minimum value of the effective temperature of the system.
VI. SUMMARY AND CONCLUSIONS
In this paper we have introduced a physical scheme to develop the ground state cooling of a mechanical membrane. As we have seen, the dependence of cavity detuning to the membrane displacement leads to an intensitydependent interaction between the intracavity radiation pressure and the membrane's motion. Consequently, an additional nonlinear term is appeared in the Hamiltonian of standard optomechanical system. Existence of this part in the Hamiltonian alters the dynamical behaviour of the system by introducing extra coupling terms in QLEs. We have derived the effective mechanical susceptibility and have studied the effect of LDP on the effective mechanical frequency and the effective damping parameter. As we have also seen, the additional nonlinear term enhances significantly the back-action ground state cooling process to obtain smaller effective temperature. By varying LDP and membrane's reflectivity one can optimize the cooling process to achieve the ground state. We have found that for initial reservoir temperature T = 0.4K(corresponding ton ≃ 83306) and in the experimentally accessible parameter regimes, one can observe the mean mechanical excitation number close to zero with corresponding effective temperature around microKelvin.
when the stability condition is satisfied, according the Routh-Hurwitz criterion one can solve exactly the integral of rational function of Eq.(39)to find the position and momentum variances of the membrane given, respectively, by Eq.(42) and by Eq.(44) in which
. 
